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ABSTRACT
In this paper, we establish a rigorous correspondence between the two tube algebras, that one
comes from the Turaev-Viro-Ocneanu TQFT introduced by Ocneanu and another comes from the
sector theory introduced by Izumi, and construct a canonical isomorphism between the centers of the
two tube algebras, which is a conjugate linear isomorphism preserving the products of the two algebras
and commuting with the actions of SL(2,Z). Via this correspondence and the Dehn surgery formula,
we compute Turaev-Viro-Ocneanu invariants from several subfactors for basic 3-manifolds including
lens spaces and Brieskorn 3-manifolds by using Izumi’s data written in terms of sectors.
1. Introduction
At the beginning of the 1990’s, a (2 + 1)-dimensional unitary topological quantum
field theory, in short, TQFT, was introduced by A. Ocneanu [12] by using a type II1 sub-
factor with finite index and finite depth as a generalization of the Turaev-Viro TQFT [18]
which was derived from the quantum group Uq(sl(2,C)) at certain roots of unity. We
call such a TQFT a Turaev-Viro-Ocneanu TQFT. K. Suzuki and the second author [16]
have found a Verlinde basis in the sense of [10] for the Turaev-Viro-Ocneanu TQFT from
an E6-subfactor, and computed the invariant for basic 3-manifolds including lens spaces
L(p, q), where p, q are less than or equal to 12, and showed that the Turaev-Viro-Ocneanu
invariant from the E6-subfactor distinguishes the lens spaces L(3, 1) and L(3, 2). So, the
Turaev-Viro-Ocneanu invariant distinguishes orientations for specific manifolds. That is
remarkable result since the original Turaev-Viro invariant cannot distinguish orientations.
(More precisely, it coincides with the square of absolute value of the Reshetikhin-Turaev
invariant [17].)
∗Supported in part by the Grants-in-Aid for Scientific Research, JSPS.
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In [10], we showed that a Turaev-Viro-Ocneanu TQFT Z from a subfactor has a Ver-
linde basis and that the invariant Z(M) of a closed oriented 3-manifold M is given by the
formula
Z(M) =
m∑
i1,...,ir=0
S0i1 . . . S0irJ(L; i1, . . . , ir),
if M is obtained from the 3-sphere S3 by Dehn surgery along a framed link L = L1 ∪
· · · ∪ Lr. Here, Sij is the matrix component of Z(S) with respect to a Verlinde ba-
sis {vi}mi=0 of Z(S1 × S1), S is the orientation preserving diffeomorphism on S1 × S1
corresponding to the modular transformation S : τ 7−→ −1/τ , and J(L; i1, · · · , ir)
(i1, · · · , ir = 0, 1, · · · ,m) are framed link invariants of L determined by the Turaev-
Viro-Ocneanu invariant of the complement of L in S3. By the above formula, if we want
to compute the Turaev-Viro-Ocneanu invariant of a closed 3-manifoldM , we need to com-
pute the S-matrix and the framed link invariants J(L; i1, . . . , ir). Since we know that
the method of a concrete construction of Verlinde basis (see [10]), we can compute the
S-matrix with respect to this Verlinde basis in principle. So, if a 3-manifold M is ob-
tained from S3 by Dehn surgery along an “easy” framed link L, then we can compute the
S-matrix, the framed link invariants J(L; i1, . . . , ir) and Z(M).
The concept of a tube algebra, which plays a crucial role in the Turaev-Viro-Ocneanu
TQFT, was first introduced by Ocneanu [12]. In analysis of the Longo-Rehren subfactor,
which corresponds to the center construction in the sense of Drinfel’d, M. Izumi [8] for-
mulated a tube algebra in terms of sectors for a finite closed system of endomorphisms of
a type III subfactor. He also explicitly gave an action of SL(2,Z) on the center of this tube
algebra in the language of sectors, and derived several formulas on Turaev-Viro-Ocneanu
invariants of lens spaces for concretely given subfactors [9]. However, it is not clear how
the S-matrix in Izumi’s sector theory and the S-matrix in the Turaev-Viro-Ocneanu TQFT
are related.
In this paper, we establish a rigorous correspondence between the two tube algebras,
that one comes from the Turaev-Viro-Ocneanu TQFT introduced by Ocneanu and another
comes from the sector theory introduced by Izumi, and construct a canonical isomorphism
between the centers of the two tube algebras, which is a conjugate linear isomorphism
preserving the products of the two algebras and commuting with the actions of SL(2,Z)
(see Theorem 4.1 and Corollary 4.3). Moreover, we compute Turaev-Viro-Ocneanu invari-
ants from several subfactors for basic 3-manifolds including lens spaces and Brieskorn 3-
manifolds by using Izumi’s data written in terms of sectors [9] and using the Dehn surgery
formula. One of the most important results on computations is that the 3-sphere S3 and
the Poincare´ homology 3-sphere Σ(2, 3, 5) are distinguished by the Turaev-Viro-Ocneanu
invariant from the exotic subfactor constructed by Haagerup and Asaeda [4, 1], and L(p, 1)
and L(p, 2) are distinguished by the Turaev-Viro-Ocneanu invariant from a generalized
E6-subfactor with Z/pZ for p = 3, 5 [9]. From this fact, it is natural for us to expect that
the lens spaces L(7, 1) and L(7, 2) are distinguished by a generalized E6-subfactor with
Z/7Z. However, we do not know yet that there exists such a subfactor.
This paper is organized as follows. In Section 2, we review the Turaev-Viro-Ocneanu
topological quantum field theory from a subfactor. In Section 3, we discuss on the fusion
2
algebra associated with the Turaev-Viro-Ocneanu TQFT [10]. The product of the fusion al-
gebra and the representation of SL(2,Z) associated with the Turaev-Viro-Ocneanu TQFT
are concretely calculated by using singular triangulations. In Section 4, we construct a con-
jugate linear isomorphism between Izumi’s tube algebra and Ocneanu’s one preserving the
products of algebras and commuting with the actions of SL(2,Z). In Section 5, we cal-
culate Turaev-Viro-Ocneanu invariants from several subfactors for some basic 3-manifolds
including lens spaces and Brieskorn 3-manifolds based on Izumi’s data using the Dehn
surgery formula, and derive formulas in terms of the S- and T -matrices.
Throughout this paper, we assume that a closed oriented surface is geometrically re-
alized as a polyhedron. We use the following notations. The r-simplex with vertices
v0, v1, · · · , vr in an Euclidean space is denoted by |v0v1 · · · vr|, and the simplicial com-
plex consisting of all faces of |v0v1 · · · vr| is denoted by K(|v0v1 · · · vr|). For a 2-simplex
|v0v1| we denote by 〈v0, v1〉 the oriented edge with the direction from v1 to v0.
We refer to Evans and Kawahigashi’s book [3] as a general reference on subfactor
theory, and refer to Turaev’s book [17] as a general reference on topological quantum field
theory.
2. Turaev-Viro-Ocneanu TQFT’s from Subfactors
In this section, we review the Turaev-Viro-Ocneanu TQFT’s arising from subfactors
[3, 12] in terms of sectors. It is formulated by a similar method of Turaev and Viro [18]
and by using initial data derived from subfactors. A theory of sectors in subfactor theory
was first established by Longo [11] based on ideas in quantum field theory, and it was
developed by Izumi [5, 7]. To describe the Turaev-Viro-Ocneanu TQFT’s using sectors,
we recall some notions in subfactor theory.
Let M be an infinite factor. We denote by End(M)0 the set of ∗-endomorphisms ρ :
M −→ M such that the index of the subfactor ρ(M) ⊂ M is finite. For ρ, σ ∈ End(M)0
the intertwiner space (ρ, σ) is a vector space over C defined by
(ρ, σ) := {V ∈M | V ρ(x) = σ(x)V for x ∈M}.
A ∗-endomorphism ρ ∈ End(M)0 is called irreducible, if (ρ, ρ) = CidM . If ρ is irre-
ducible, then for any σ ∈ End(M)0 the intertwiner space (ρ, σ) is a Hilbert space with the
inner product defined by
〈V,W 〉 = W ∗V, V,W ∈ (ρ, σ).
For ρ ∈ End(M)0 we denote by d(ρ) the square root of the minimal index of M ⊃ ρ(M),
and call it the statistical dimension of ρ. It is known that for every ρ ∈ End(M)0 there exists
a ∗-endomorphism ρ¯ ∈ End(M)0 and a pair of intertwiners Rρ ∈ (id, ρ¯ρ), Rρ ∈ (id, ρρ¯)
such that
R
∗
ρρ(Rρ) = R
∗
ρρ¯(Rρ) =
1
d(ρ)
, R∗ρRρ = R
∗
ρRρ = 1.
Let ρ1 and ρ2 be two elements in End(M)0. We say that ρ1 and ρ2 are equivalent if
there exists a unitary u ∈ M such that uρ1(x) = ρ2(x)u for all x ∈ M . We denote by
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Sect(M) the equivalence classes of End(M)0, and denote by [ρ] the class of ρ ∈ End(M)0
in Sect(M). Each element in Sect(M) is called a sector of M . The set Sect(M) becomes
a ∗-semiring over C with the sum [ρ]⊕ [σ], the product [ρ][σ] = [ρ◦σ] and the conjugation
[ρ] = [ρ¯] [5, 11].
A finite subset ∆ = {ρ0, ρ1, · · · , ρn} of End(M)0 is called a finite system of End(M)0
closed under sector operations if the following four conditions are satisfied [8].
(i) [ρi] = [ρj ] if and only if i = j.
(ii) ρ0 = idM .
(iii) for all i there exists j such that [ρi] = [ρj ].
(iv) there exist non-negative integers Nkij such that
[ρi][ρj ] =
n⊕
k=0
Nkij [ρk].
We note that the condition (iv) is equivalent to the following condition.
(iv)′ for all i, j, k = 0, 1, · · · , n, there exists an orthonormal basis {(T kij)ν}
Nkij
ν=0 of (ρk, ρiρj)
such that
n∑
k=0
Nkij∑
ν=1
(T kij)ν(T
k
ij)
∗
ν = 1, ρiρj =
n∑
k=0
Nkij∑
l=1
(T kij)νρk(T
k
ij)
∗
ν .
If N ⊂ M is an inclusion of infinite factors with finite index and finite depth, then we
can obtain a finite system of End(M)0 closed under sector operations by taking irreducible
components in ([ι][ι])n, ([ι][ι])n[ι], [ι]([ι][ι])n and ([ι][ι])n, where ι : N →֒ M is the
inclusion map (See [10] for detail). We call it a finite system of End(M)0 obtained from
N ⊂M .
Frobenius reciprocities for sectors were established by Izumi [7] as an analogue to
Frobenius reciprocities for group representations and bimodules with left and right actions
of II1-factors [3]. Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂M
of an infinite factor M with finite index and finite depth. For ρ, η, ζ ∈ ∆, let Hζρη denote
the intertwiner space (ζ, ρη). Then, two conjugate linear maps (˜·)ζρη : Hζρη −→ Hηρ¯ζ and
(̂·)ζρη : Hζρη −→ Hρζη¯ are defined by
(A˜)ζρη =
√
d(ρ)d(η)
d(ζ)
ρ¯(A∗)Rρ, (Â)ζρη =
√
d(ρ)d(η)
d(ζ)
A∗ρ(R¯η)
for all A ∈ Hζρη , respectively. They give rise to an action of the symmetric group S3 of
degree 3 between the following spaces:
Hζρη,Hη¯ζ¯ρ,H
ρ¯
ηζ¯
,Hζ¯η¯ρ¯,Hηρ¯ζ ,Hρζη¯.
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The maps (˜·)ζρη and (̂·)ζρη are called the (left) Frobenius reciprocity maps [7]. For simplicity,
we frequently write A˜ and Â instead of (A˜)ζρη and (Â)ζρη , respectively.
We will describe the Turaev-Viro-Ocneanu TQFT’s arising from subfactors in the set-
ting of sectors [3, 12]. Let ∆ be a finite system of End(M)0 obtained from a subfactor
N ⊂ M of an infinite factor M with finite index and finite depth. We fix an orthonormal
basis Bζρη of Hζρη for each ρ, η, ζ ∈ ∆.
A simplicial complexK which edges are oriented is called a locally ordered complex, if
there is no cyclic order for the 3 edges of any triangle in K. By a color of a locally ordered
complexK, we mean a map
ξ : {the oriented edges and the triangles in K } −→ ∆ ∪
⋃
ρ,η,ζ∈∆
Bζρη
satisfying the following two conditions.
(i) ξ(E) ∈ ∆ for each oriented edge E in K.
(ii) If ξ(〈v0, v1〉) = ρ, ξ(〈v1, v2〉) = η, ξ(〈v0, v2〉) = ζ for a triangle |v0v1v2| in K,
then ξ(|v0v1v2|) ∈ Bζρη.
We follow the convention that ξ(−E) = ξ(E) for each oriented edge E in K, where
−E denotes the same edge E with opposite orientation.
For a color ξ we define a positive real number d(ξ) by
d(ξ) =
∏
e : edges of K
d(ξ(e)).
Fig. 1: a tetrahedron
Let X be a compact oriented 3-manifold possibly with boundary. We fix a locally
ordered complex K that is a triangulation of ∂X , and choose a locally ordered complex
T that is a triangulation of X satisfying ∂T = K. To a color ϕ of T and a tetrahedron
σ = |v0v1v2v3| in T depicted as in Figure 1, we assign a complex number defined by
1√
d(i)d(j)
A∗B∗a(C)D,
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where ϕ(〈v0, v1〉) = a, ϕ(〈v1, v2〉) = b, ϕ(〈v2, v3〉) = c, ϕ(〈v0, v2〉) = i, ϕ(〈v1, v3〉) =
j, ϕ(〈v0, v3〉) = k, ϕ(|v1v2v3|) = A, ϕ(|v0v1v2|) = B, ϕ(|v1v2v3|) = C, ϕ(|v0v1v3|) =
D (see Figure 2). We denote the above complex number or its complex conjugate by
W (σ;ϕ) according to compatibility of orientations for M and σ. Here, the orientation for
σ is given by the order v0 < v1 < v2 < v3.
Fig. 2: a colored tetrahedron
For a color ξ of ∂T , we set
Z(X ; T , ξ) := λ−♯T (0)+ ♯(∂T )
(0)
2
√
d(ξ)
∑
ϕ:color of T
ϕ|∂T=ξ
d(ϕ|T −∂T )
∏
σ:tetrahedra
W (σ;ϕ),
where T (0) and ∂T (0) are the sets of vertices of T and ∂T , respectively, andλ =
n∑
i=0
d(ρi)
2
,
which is called the global index of ∆. It is proved that Z(X ; T , ξ) does not depend on the
choice of orthonormal bases Bζρη (ρ, η, ζ ∈ ∆), and the choice of triangulations T of X
such that ∂T = K [3]. In particular, if X is closed, then Z(X ; T , ξ) is a topological in-
variant of the closed oriented 3-manifold X . So we may denote it by Z(X), and refer this
invariant as the Turaev-Viro-Ocneanu invariant of X .
The method of the construction of Z(X ; T , ξ) as mentioned above gives rise to a func-
tor Z∆ that satisfies the axioms of topological quantum field theory as posed by Atiyah
[2]. (Although the same functor was denoted by Z∆ in the previous paper [10], we use the
notation Z∆ for such a functor in order to improve the appearance of notations used later.)
We briefly describe the method of constructing such a functor Z∆ following Turaev and
Viro’s paper [18] and Yetter’s paper [21].
Let P(Σ) denote the set of locally ordered complexes that are triangulations of a closed
oriented surface Σ. For K ∈ P(Σ), we denote by V (Σ;K) the C-vector space freely
spanned by the colors of K. If Σ = ∅, then we set V (Σ;K) := C. By a (2 + 1)-
dimensional cobordism with triangulated boundary we mean a (2 + 1)-dimensional cobor-
dism (X ; Σ1,Σ2) between oriented closed surfaces Σ1 and Σ2 triangulated by locally or-
dered complexesK1 and K2, respectively. We denote it by (X ;K1,K2). For such a cobor-
dism W = (X ;K1,K2), a C-linear map ΦW : V (Σ1;K1) −→ V (Σ2;K2) is defined
by
ΦW (ξ1) =
∑
ξ2 : the colors of K2
Z(X ; T , ξ1 ∪ ξ2)ξ2,
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for all colors ξ1 of K1, where T is a triangulation of X such that ∂T = K1 ∪ K2, and
ξ1 ∪ ξ2 is the color of T given by (ξ1 ∪ ξ2)|Ki = ξi (i = 1, 2).
For a locally ordered complex K ∈ P(Σ) and a stellar subdivision K′ of K, which is
denoted by K′ ≤ K, we have a cobordism with triangulated boundary IdK′,K := (Σ ×
[0, 1];K′,K) such that Σ × {0} and Σ × {1} are triangulated by K′ and K, respectively.
This cobordism induces the C-linear map ΦIdK′,K : V (Σ;K) −→ V (Σ;K′). Let ιK :
V (Σ;K) −→ ⊕K∈P(Σ) V (Σ;K) be the canonical injection, and W (Σ) the subspace of⊕
K∈P(Σ) V (Σ;K) spanned by
{ιK′(x)− (ιK ◦ ΦK′,K)(x) | x ∈ V (Σ;K′), K,K′ ∈ P(Σ), K′ ≤ K}.
We consider the quotient space
Z∆(Σ) =
⊕
K∈P(Σ)
V (Σ;K)/W (Σ).
Since Φ2IdK,K = ΦIdK,K , the following lemma holds.
Lemma 2.1 (Yetter [21]). Let uK : V (Σ;K) −→ Z∆(Σ) be the composition of ιK
and the natural projection ⊕K∈P(Σ) V (Σ;K) −→ Z∆(Σ). Then, uK is surjective and
Ker uK = Ker ΦIdK,K . In particular,Z∆(Σ) is finite-dimensional, andZ∆(Σ) ∼= V (Σ;K)/Ker ΦIdK,K
as vector spaces.
By the above lemma, we can verify that the linear map ΦW induces a linear map Z∆W :
Z∆(Σ1) −→ Z∆(Σ2) for each cobordism with triangulated boundary W , and Z∆W does
not depend on the choice of triangulations.
Let f : (Σ1,K1) −→ (Σ2,K2) be an isomorphism between closed oriented surfaces
Σ1 and Σ2 triangulated by locally ordered complexes K1 and K2, respectively. Then, a
C-linear isomorphism Φ(f) : V (Σ1;K1) −→ V (Σ2;K2) is defined by
Φ(f)(ξ1) = ξ1 ◦ f−1,
for all colors ξ1 of K1. Here, ξ1 ◦ f−1 is a color of K2 such that (ξ1 ◦ f−1)(E) =
ξ1(f
−1(E)) for each edge and face E of K2.
Let f : Σ1 −→ Σ2 be an orientation preserving PL-homeomorphism between closed
oriented surfaces. For Ki ∈ P(Σi) (i = 1, 2), there exists a refinement K′i of Ki such that
f is an isomorphism from K′1 to K′2 as a locally ordered complex. Then, we have a linear
map
f# := ΦIdK′
2
,K2
◦ Φ(f) ◦ ΦIdK1,K′1 .
By Lemma 2.1, we can verify that the linear map f# induces the linear isomorphism
Z∆(f) : Z∆(Σ1) −→ Z∆(Σ2), and Z∆(f) does not depend on the choice of triangula-
tions.
In the above manner, we have a functor Z∆ that assigns to each closed oriented surface
Σ the C-vector space Z∆(Σ), to each (2 + 1)-dimensional cobordism W the C-linear map
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Z∆W , and to each orientation preserving PL-homeomorphism f between closed oriented
surfaces the C-linear isomorphismZ∆(f). This functorZ∆ satisfies the axioms for (2+1)-
dimensional TQFT. Furthermore, the TQFT Z∆ is unitary, since Z∆(Σ) becomes a Hilbert
space with the inner product induced from the hermitian form on V (Σ;K), which is defined
by
〈ξ0, ξ1〉TQFT = Z∆(Σ× [0, 1];K× [0, 1], ξ0 ∪ ξ1)
for all pairs of colors ξ0 and ξ1 of K [16, 17].
3. Fusion Algebras Associated with Turaev-Viro-Ocneanu TQFT’s
For a short while, we consider a (2 + 1)-dimensional TQFT Z in a general situation
apart from subfactors. We describe the definition of the fusion algebra in the (2 + 1)-
dimensional TQFT Z , and introduce our version of Verlinde basis of Z(S1 × S1) (see
Definition 3.1).
Let W be the cobordism (Y × S1; Σ1 ⊔ Σ2,Σ3), where Y is the 3-holed sphere in R3
depicted in Figure 3 and Σi = Ci × S1 for i = 1, 2, 3. Then, W induces a linear map
ZW : Z(S
1 × S1) ⊗ Z(S1 × S1) −→ Z(S1 × S1). It can be easily verified that the map
ZW gives an associative algebra structure on Z(S1 × S1). The identity element of this
algebra is given by ZW0(1), where W0 := (D2 × S1; ∅, S1× S1). We call this algebra the
fusion algebra associated with Z .
Fig. 3: the compact oriented surface Y
Let us recall that the mapping class group ΓS1×S1 of the torus S1×S1 is isomorphic to
the group SL(2,Z) of integral 2×2-matrices with determinant 1. It is well-known that this
group is generated by S =
(
0 1
−1 0
)
and T =
(
1 0
1 1
)
with relations S4 = I, (ST )3 =
S2. The matrices S and T correspond to the orientation preserving diffeomorphisms from
S1 × S1 to S1 × S1 which are defined by
S(z, w) = (w¯, z), T (z, w) = (zw,w) (3.1)
for all (z, w) ∈ S1 × S1, respectively, where we regard S1 as the set of complex numbers
of absolute value 1. To define the Verlinde basis, we need one more orientation preserving
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diffeomorphismU : S1 × S1 −→ −S1 × S1 defined by U(z, w) = (z, w¯) for all (z, w) ∈
S1 × S1 (see Figure 4).
Definition 3.1 ([10]). Let Z be a (2 + 1)-dimensional TQFT. A basis {vi}mi=0 of
Z(S1 × S1) is said to be a Verlinde basis if it has the following properties.
(i) v0 is the identity element of the fusion algebra associated with Z .
(ii) (a) Z(S) is represented by a unitary and symmetric matrix with respect to the basis
{vi}mi=0.
(b) Z(S)2v0 = v0, and Z(S)2vi ∈ {vj}mj=0 for all i.
(c) We define Sji ∈ C by Z(S)vi =
∑m
i=0 Sjivj . Then,
1. Si0 6= 0 for all i.
2. Nkij :=
∑m
l=0
SilSjlSlk
S0l
(i, j, k = 0, 1, · · · ,m) coincide with the structure
constants of the fusion algebra with respect to {vi}mi=0.
(iii) Z(T ) is represented by a diagonal matrix with respect to the basis {vi}mi=0.
(iv) Z(U)vi = v∗i for all i under the identification Z(−S1 × S1) ∼= Z(S1 × S1)∗.
Fig. 4: the action of SL(2,Z)
Remarks 3.2. 1. If {vi}mi=0 is a Verlinde basis, then Si0 is a real number for all i.
2. A Verlinde basis is unique up to order of elements, since wi = S0i
∑m
j=0 Sjivj (i =
0, 1, · · · ,m) are all orthogonal primitive idempotents in the fusion algebra satisfying 1 =
w0+w1+ · · ·+wm. This fact follows from that the S-matrix diagonalizes the fusion rules
in conformal field theory [19].
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3. The map · : {0, 1, · · · ,m} −→ {0, 1, · · · ,m} defined byZ(S)2vi = vi¯ is an involution
satisfying 0¯ = 0.
4. The last condition (iv) was introduced in [20] and modified in [16].
We go back to the setting of subfactors. Let ∆ be a finite system of End(M)0 obtained
from a subfactor N ⊂ M of an infinite factor M with finite index and finite depth. To
calculate the product of the fusion algebra and the representation of SL(2,Z) associated
with the Turaev-Viro-Ocneanu TQFT Z∆ arising from subfactors, we show that the fusion
algebra associated with Z∆ can be regarded as a subalgebra of the tube algebra, which
plays a crucial role in the Turaev-Viro-Ocneanu TQFT. We review the definition of a tube
algebra [10] in Z∆, which was first introduced by Ocneanu [12].
The tube algebra Tube∆ is a finite-dimensionalC∗-algebra over C which is defined by
Tube∆ =
⊕
ρ,ξ,ζ,η∈∆
Hζρη ⊗Hζηξ
as C-vector spaces. The product of Tube∆ is given by
(X1⊗X2)·(Y1⊗Y2) = δξ,η λ√
d(ρ)d(ζ)d(ξ)
∑
r,c∈∆
Z1∈Brρc
Z2∈Brcζ
Z(D2×S1; ζ,c,r,Z1,Z2ρ,a,p,X1,X2;η,b,q,Y1,Y2)Z1⊗Z2
for X1⊗X2 ∈ Hpρa⊗Hpaξ, Y1⊗Y2 ∈ Hqηb⊗Hqbζ , where δξ,η is Kronecker’s delta, λ is the
global index of ∆, Brρc and Brcζ are orthonormal bases of Hrρc and Hrcζ , respectively, and
Z(D2 × S1; ζ,c,r,Z1,Z2ρ,a,p,X1,X2;η,b,q,Y1,Y2) is the Turaev-Viro-Ocneanu invariant of the solid torus
D2×S1 triangulated by T with colored boundary illustrated as in Figure 5. (Here, the two
triangles shaded inside are identified.) We remark that the normalization of the product is
slightly different from one in Ocneanu’s definition [12].
Fig. 5: the coefficient of the product of Tube∆
Let V ∆(S1 × S1) denote the subalgebra of Tube∆ defined by
V ∆(S1 × S1) =
⊕
ρ,ζ,η∈∆
Hζρη ⊗Hζηρ.
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We regard S1 × S1 as a quotient space obtained from a square by identifying the oppo-
site sides. Then, V ∆(S1 × S1) is canonically identified with V (S1 × S1;K) as a vector
space, where K is the locally ordered complex depicted in Figure 6 that gives a singular
triangulation of S1 × S1.
 
 
 
 
 
K =
≪
≪
∨ ∨
Fig. 6: a distinguished triangulation K of S1 × S1
Under the identification V ∆(S1 × S1) = V (S1 × S1;K), each element X1 ⊗ X2 in
V ∆(S1 × S1) such that X1 ∈ Hpρa and X2 ∈ Hpaρ, corresponds to the color of K depicted
in Figure 7.
 
 
 
 
 
a
a
≪
≪
ρ ρ∨ ∨pX1
X2
Fig. 7: a color of K
Now, we have two products on V ∆(S1 × S1). One is obtained from the product of the
tube algebra Tube∆ by restricting to V ∆(S1 × S1). Another comes from the product of
the fusion algebra Z∆(S1 × S1). They are not same, but are closely related as follows.
Proposition 3.3. Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂
M of an infinite factor M with finite index and finite depth. Let P : V ∆(S1 × S1) −→
V ∆(S1 × S1) be the conjugate linear map defined by P (X1 ⊗ X2) = X2 ⊗ X1 for all
X1 ∈ Hpρa and X2 ∈ Hpaρ. Then, the product mtube of the subalgebra V ∆(S1 × S1) of
Tube∆ and the product mfusion of the fusion algebra associated to Z∆ are related by the
following commutative diagram.
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V ∆(S1 × S1)⊗ V ∆(S1 × S1) mtube−−−−→ V ∆(S1 × S1)
P⊗P
y yP
V ∆(S1 × S1)⊗ V ∆(S1 × S1) V ∆(S1 × S1)
u⊗u
y yu
Z∆(S1 × S1)⊗ Z∆(S1 × S1) mfusion−−−−→ Z∆(S1 × S1)
Here, u is the universal arrow associated to Z∆(S1 × S1) defined as in Lemma 2.1.
Proof. The 3-holed sphere Y in R3 is obtained as an identifying space of a regular
heptagon. It is triangulated as in the right-hand side of Figure 8.
Fig. 8: a triangulation of Y
Therefore, the 3-manifold Y × S1 is realized in R3 by the (singular) locally ordered
complex K˜ illustrated in Figure 9 (the cube with vertices v0, v1, v4, v5, v0, v1, v4, v5 and
the cube with vertices v2, v3, v5, v6, v2, v3, v5, v6 are decomposed as product complexes,
respectively).
Hence, the product of the fusion algebra of Z∆ is given by the linear map
Z∆fusion : Z
∆(S1 × S1)⊗ Z∆(S1 × S1) −→ Z∆(S1 × S1),
which is induced from the cobordism with triangulated boundary
Wfusion := (Y × S1; (C1 × S1,K1) ∪ (C2 × S1,K2), (C3 × S1,K3)),
where Ki (i = 1, 2, 3) is the sub-complex of K˜ such that
K1 = K(|v0 v0 v1|) ∪K(|v0 v1 v1|),
K2 = K(|v2 v2 v3|) ∪K(|v2 v3 v3|),
K3 = K(|v4 v4 v6|) ∪K(|v4 v6 v6|).
We note that Ki is a copy of K for each i = 1, 2, 3.
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Fig. 9: a triangulation of Y × S1
Let K˜1, K˜2,L be the sub-complexes of K˜ depicted in Figure 10. The geometrical real-
izations of K˜1 and K˜2 are S1×S1× [0, 1], and the geometrical realization of L is H×S1,
where H is the quotient space obtained from a 2-simplex by identifying its three vertices.
Let Z(S1 × S1 × [0, 1]; η,b,q,Y1,Y2ρ,a,p,X1,X2) and Z(H × S1; a,
ζ,r,Z1,Z2
ρ,p,X1,X2;η,q,Y1,Y2
) be the Turaev-
Viro-Ocneanu invariants of S1 × S1 × [0, 1] triangulated by K × [0, 1] and of H × S1
triangulated by L assigned colors to their boundaries as in Figure 11, respectively.
Fig. 10: three sub-complexes of K˜
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Fig. 11: triangulations of S1 × S1 × [0, 1] and H × S1 with colored boundaries
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
K1
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2
K2
 
 
 
 r
c
c
ζ ζ
≪
≪
∨ ∨Z1
Z2
K3
Fig. 12: colors of K1, K2 and K3
Then, the Turaev-Viro-Ocneanu invariant of Y × S1 triangulated by K˜ assigned colors
as in Figure 12 to K1, K2, K3 is given by
Z(Y × S1; ζ,c,r,Z1,Z2ρ,a,p,X1,X2;η,b,q,Y1,Y2) =
λ
d(c)
∑
ρ′,η′,p′,q′∈∆
X′1∈Bp
′
ρ′c,X
′
2∈Bp
′
cρ′
Y ′1∈Bq
′
η′c,Y
′
2∈Bq
′
cη′
Z(H × S1; c, ζ,r,Z1,Z2ρ′,p′,X′1,X′2;η′,q′,Y ′1 ,Y ′2 )
× Z(S1 × S1 × [0, 1]; ρ′,c,p′,X′1,X′2ρ,a,p,X1,X2 )Z(S1 × S1 × [0, 1];
η′,c,q′,Y ′1 ,Y
′
2
η,b,q,Y1,Y2
).
Since
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
ΦIdK,K
( )
=
∑
η,b,q∈∆
Y1∈Bqηb
Y2∈Bqbη
Z(S1 × S1 × [0, 1]; η,b,q,Y1,Y2ρ,a,p,X1,X2)
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2 ,
and
Z(H × S1; c, ζ,r,Z1,Z2ρ′,p′,X′1,X′2;η′,q′,Y ′1 ,Y ′2 ) =
1
d(c)
Z(D2 × S1; c,ζ,r,Z′2,Z′1c,ρ′,p′,X′2,X′1;c,η′,q′,Y ′2 ,Y ′1 ),
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it follows that the following diagram commutes.
V ∆(S1 × S1)⊗ V ∆(S1 × S1)
V ∆(S1 × S1)⊗ V ∆(S1 × S1) V ∆(S1 × S1)
V ∆(S1 × S1)⊗ V ∆(S1 × S1) V ∆(S1 × S1)
ΦWfusion
ΦIdK,K ⊗ ΦIdK,K P
✲
❄ ❄
✲ ✲
P ⊗ P m˜
This implies that the diagram in the proposition is commutative. This completes the
proof.
Let S and T be the orientation preserving diffeomorphisms on S1 × S1 as in (3.1).
We will compute the actions Z∆(S) and Z∆(T ) on Z∆(S1 × S1) by using the singular
triangulationK of S1 × S1 depicted in Figure 6.
Lemma 3.4. Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂ M
of an infinite factor M with finite index and finite depth. Let S˜# : V ∆(S1 × S1) −→
V ∆(S1 × S1) and T˜−1# : V ∆(S1 × S1) −→ V ∆(S1 × S1) be the C-linear maps defined
by
S˜#(X1 ⊗X2) =
∑
r∈∆
Z1∈Bra¯ρ
Z2∈Brρa¯
√
d(p)d(r)
d(ρ)
Z∗2X˜
∗
2 a¯(Xˆ1)Z1 Z1 ⊗ Z2,
T˜−1# (X1 ⊗X2) =
∑
r∈∆
Z1∈Brρp
Z2∈Brpρ
√
d(a)d(r)
d(p)
Z∗2X
∗
1ρ(X2)Z1 Z1 ⊗ Z2
for all X1 ∈ Bpρa and X2 ∈ Bpaρ. Then, the actions Z∆(S) and Z∆(T ) on Z∆(S1 × S1)
are determined by the following commutative diagrams.
V ∆(S1 × S1) S˜#−−−−→ V ∆(S1 × S1)
u
y yu
Z∆(S1 × S1) Z
∆(S)−−−−→ Z∆(S1 × S1),
(3.2)
15
V ∆(S1 × S1) T˜
−1
#−−−−→ V ∆(S1 × S1)
u
y yu
Z∆(S1 × S1) Z
∆(T )−1−−−−−−→ Z∆(S1 × S1)
(3.3)
Here, u is the universal arrow associated to Z∆(S1 × S1) defined as in Lemma 2.1.
Proof. Let K, L1 and L2 be the locally ordered complexes depicted in Figure 13 that
give singular triangulations of S1 × S1 (the opposite sides are identified). By considering
the lifts of S and T to the universal covering
R
2 −→ S1 × S1, (x, y) 7−→ (exp(2πiy), exp(2πix)),
we see that S and T−1 are simplicial maps from K to L1 and from K to L2, respectively.
 
 
 
 
v v
v v
E3
E2
E2
E1 E1
≪
≪
∨ ∨F1
F2
K
❅
❅
❅
❅
v v
v v
E′3
E′2
E′2
E′1 E
′
1
≪
≪
∧ ∧F
′
1
F ′2
L1
❅
❅
❅
❅
v v
v v
E′′3
E′′2
E′′2
E′′1 E
′′
1
≪
≪
∨ ∨F
′′
1
F ′′2
L2
Fig. 13: three triangulations of S1 × S1
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So, for the color depicted in Figure 7, we have
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
Φ(S)
( )
=
❅
❅
❅
❅
p
ρ
ρ
a a
<
<
∧∧ ∧∧X1
X2
,
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
Φ(T−1)
( )
=
❅
❅
❅
❅
a
p
p
ρ ρ
<
<
∨ ∨X2
X1
.
Let S# and T−1# be the linear maps from V (S1 × S1;K) to V (S1 × S1;K) defined by
S# = ΦL1,K ◦ Φ(S), T−1# = ΦL2,K ◦ Φ(T−1).
Then we have
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
S#
( )
=
∑
η,b,q∈∆
Y1∈Bqηb
Y2∈Bqbη
Z(T1; η,b,q,Y1,Y2ρ,a,p,X1,X2)
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2
,
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
T−1#
( )
=
∑
η,b,q∈∆
Y1∈Bqηb
Y2∈Bqbη
Z(T2; η,b,q,Y1,Y2ρ,a,p,X1,X2)
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2
,
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where Z(T1; η,b,q,Y1,Y2ρ,a,p,X1,X2) is the Turaev-Viro-Ocneanu invariant of (S1×S1)× [0, 1] which
boundary is triangulated by K and L1 assigned to its boundary the color depicted as in the
left-hand side of Figure 14, and Z(T2; η,b,q,Y1,Y2ρ,a,p,X1,X2) is the Turaev-Viro-Ocneanu invariant of
(S1 × S1) × [0, 1] which boundary is triangulated by K and L2 assigned to its boundary
the color depicted as in the right-hand side of Figure 14.
Fig. 14: two triangulations T1 and T2 of S1 × S1 × [0, 1]
By tetrahedral symmetry on quantum 6j-symbols, it can be proved that
Z(T1; η,b,q,Y1,Y2ρ,a,p,X1,X2) = Z(T2;
η,b,q,Y1,Y2
a¯,p,ρ,X˜2,Xˆ1
).
Let (T3;L2,K) be the cobordism obtained by gluing one tetrahedron to the bottom of
K × [0, 1]. Then, we have
Z(T2; η,b,q,Y1,Y2ρ,a,p,X1,X2) = Z(T3;
η,b,q,Y1,Y2
ρ,a,p,X1,X2
),
since the cobordism (T2;L2,K) is isomorphic to the cobordism (T3;L2,K) (see Figure
15).
Fig. 15: an isomorphism between (T2;L2,K) and (T3;L2,K)
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Since
Z(T3; η,b,q,Y1,Y2ρ,a,p,X1,X2) =
∑
r∈∆
Z1∈Brρp
Z2∈Brpρ
√
d(a)d(r)W
( )
Z
( )
,
it follows that
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
S#
( )
=
∑
r∈∆
Z1∈Bra¯ρ
Z2∈Brρa¯
√
d(p)d(r)
d(ρ)
Z∗2 X˜
∗
2 a¯(Xˆ1)Z1 ΦIdK,K
(
 
 
 
 r
ρ
ρ
a¯ a¯
≪
≪
∨ ∨Z1
Z2
)
.
This implies that S# = ΦIdK,K ◦ S˜#, and whence, the diagram (3.2) commutes.
By a similar argument, it is also proved that
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
T−1#
( )
=
∑
r∈∆
Z1∈Brρp
Z2∈Brpρ
√
d(a)d(r)
d(p)
Z∗2X
∗
1ρ(X2)Z1 ΦIdK,K
(
 
 
 
 r
p
p
ρ ρ
≪
≪
∨ ∨Z1
Z2
)
,
and whence, T−1# = ΦIdK,K ◦ T˜−1# . This proves that the diagram (3.3) commutes.
We note that the group SL(2,Z) is not only generated by S =
(
0 1
−1 0
)
and T =(
1 0
1 1
)
, but also generated by S′ =
(
0 −1
1 0
)
and T ′ =
(
1 1
0 1
)
. The matrices S′
and T ′ correspond to the orientation preserving diffeomorphisms from S1×S1 to S1×S1
defined by S′(z, w) = (w, z¯) and T ′(z, w) = (z, zw) for all (z, w) ∈ S1×S1, respectively.
Since S′ and T ′ has also the relations (S′)4 = I, (S′T ′)3 = (S′)2, we have a group
isomorphism Q : SL(2,Z) −→ SL(2,Z) such that Q(S) = S′ and Q(T ) = T ′.
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Lemma 3.5. Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂ M
of an infinite factor M with finite index and finite depth. Let P¯ : Z∆(S1 × S1) −→
Z∆(S1 × S1) be the conjugate linear isomorphism induced from P defined as in Proposi-
tion 3.3. Then, the following diagram commutes for all R ∈ SL(2,Z).
Z∆(S1 × S1) Z
∆(R)−−−−→ Z∆(S1 × S1)
P¯
y yP¯
Z∆(S1 × S1) Z
∆(R′)−−−−−→ Z∆(S1 × S1)
Here, R′ denotes the image of R by the group isomorphism Q : SL(2,Z) −→ SL(2,Z).
Proof. Let K, L′1 and L′2 be the locally ordered complexes depicted in Figure 16 that
give singular triangulations of S1 × S1 (the opposite sides are identified).
 
 
 
 
v v
v v
E3
E2
E2
E1 E1
≪
≪
∨ ∨F1
F2
K
❅
❅
❅
❅
v v
v v
E′3
E′2
E′2
E′1 E
′
1
≫
≫
∨ ∨F
′
1
F ′2
L′1
❅
❅
❅
❅
v v
v v
E′′3
E′′2
E′′2
E′′1 E
′′
1
≪
≪
∨ ∨F
′′
1
F ′′2
L′2
Fig. 16: three triangulations of S1 × S1
Since S′ and T ′−1 are simplicial maps from K to L′1 and from K to L′2, respectively,
we have
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
Φ(S′)
( )
=
❅
❅
❅
❅
p
ρ
ρ
a a
>
>
∨∨ ∨∨X2
X1
,
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
Φ(T ′−1)
( )
=
❅
❅
❅
❅
ρ
a
a
p p
<
<
∨ ∨X2
X1
.
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Thus, we have
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
S′#
( )
=
∑
η,b,q∈∆
Y1∈Bqηb
Y2∈Bqbη
Z(T ′1 ; η,b,q,Y1,Y2ρ,a,p,X1,X2) ΦIdK,K
( )
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2
,
 
 
 
 p
a
a
ρ ρ
≪
≪
∨ ∨X1
X2
T ′#
−1
( )
=
∑
η,b,q∈∆
Y1∈Bqηb
Y2∈Bqbη
Z(T ′2 ; η,b,q,Y1,Y2ρ,a,p,X1,X2) ΦIdK,K
( )
 
 
 
 q
b
b
η η
≪
≪
∨ ∨Y1
Y2
,
where Z(T ′1 ; η,b,q,Y1,Y2ρ,a,p,X1,X2) and Z(T ′2 ;
η,b,q,Y1,Y2
ρ,a,p,X1,X2
) are the Turaev-Viro-Ocneanu invariants
of S1 × S1 × [0, 1] based on the triangulations T ′1 and T ′2 with colored boundaries as in
Figure 17, respectively.
Fig. 17: two triangulations T ′
1
and T ′
2
of S1 × S1 × [0, 1]
Since
Z(T ′1 ; η,b,q,Y1,Y2ρ,a,p,X1,X2) = Z(T1;
b,η,q,Y2,Y1
a,ρ,p,X2,X1
) and Z(T ′2 ; η,b,q,Y1,Y2ρ,a,p,X1,X2) = Z(T2;
b,η,q,Y2,Y1
a,ρ,p,X2,X1
),
the following diagrams commute.
Z∆(S1 × S1) Z
∆(S)−−−−→ Z∆(S1 × S1)
P¯
y yP¯
Z∆(S1 × S1) Z
∆(S′)−−−−→ Z∆(S1 × S1),
Z∆(S1 × S1) Z
∆(T−1)−−−−−−→ Z∆(S1 × S1)
P¯
y yP¯
Z∆(S1 × S1) Z
∆(T ′−1)−−−−−−→ Z∆(S1 × S1)
21
This completes the proof.
4. Correspondence between Izumi’s Tube Algebra and Ocneanu’s Tube Algebra
Izumi [8] translated the notion of Ocneanu’s tube algebra [12] into the language of sec-
tors, and gave explicit formulas of the tube algebra operations and of the S- and T -matrices.
He also showed that SL(2,Z) acts on the center of the tube algebra and that the Verlinde
identity holds. It is a natural question whether Izumi’s tube algebra and Ocneanu’s one are
isomorphic as algebras, and whether the centers of these tube algebras are isomorphic as
algebras commuting with SL(2,Z)-actions. In this section, we show that there exists a con-
jugate linear isomorphism between the center of Izumi’s tube algebra and that of Ocneanu’s
one, which preserves products of algebras and commutes with SL(2,Z)-actions.
Let us recall the definition of the tube algebra in sector theory, which was introduced by
Izumi [8]. Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂ M of an
infinite factor M with finite index and finite depth. The tube algebra TubeI∆ introduced
by Izumi is a C∗-algebra defined as follows. As a C-vector space, TubeI∆ is spanned by
{(ξζ|X |ζη) | ξ, ζ, η ∈ ∆, X ∈ (ξζ, ζη)}.
The product of TubeI∆ is given by
(ξζ|X |ζη) · (ξ′ζ′|Y |ζ′η′) = δη,ξ′
∑
ν≺ζζ′
∑
A∈Bν
ζζ′
(ξν|A∗ζ(Y )Xξ(A)|νη′),
where δη,ξ′ is Kronecker’s delta and ν ≺ ζζ′ means that ν appears in the product ζζ′ as an
irreducible component. The ∗-structure is given by
(ξζ|X |ζη)∗ = d(ζ)(ηζ¯ |ζ¯(ξ(R∗ζ)X∗)Rζ |ζ¯ξ).
Izumi showed that SL(2,Z) acts on the center Z(TubeI∆) of TubeI∆ [8]. The action
is given by
S′∆(ξη|X |ηξ) = d(ξ)(η¯ξ|R∗ηη¯(Xξ(R¯η))|ξη¯),
T ′∆(ξη|X |ηξ) =
∑
ζ∈∆
d(ζ)(ζζ¯ |RζR¯∗ζ |ζ¯ζ) · (ξη|X |ηξ)
for S′ =
(
0 −1
1 0
)
and T ′ =
(
1 1
0 1
)
. In particular, the action of T ′−1 is given by
T ′−1∆ (ξη|X |ηξ) = (ξp|X∗1 ξ(X2)|pξ)
for X = X2X∗1 , X1 ∈ (p, ξη), X2 ∈ (p, ηξ) and p, ξ, η ∈ ∆.
Izumi’s tube algebra is isomorphic to Ocneanu’s one in the following sense.
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Theorem 4.1. Let ∆ be a finite system of End(M)0 obtained from a subfactorN ⊂M
of an infinite factor M with finite index and finite depth. Let ϕ : Tube∆ −→ TubeI∆ be
the C-linear map defined by
ϕ(X1 ⊗X2) = w− 12
(
d(a)
d(p)d(ρ)
)1/4(
d(a)
d(p)d(ξ)
)1/4
(ρa|X2X∗1 |aρ)
forX1⊗X2 ∈ Hpρa⊗Hpaξ. Then,ϕ is an algebra isomorphism. Furthermore, the restriction
of ϕ to the subspace V ∆(S1 × S1) gives rise to an C-linear isomorphism ϕ¯ : Z∆(S1 ×
S1) −→ Z(TubeI∆) such that the following diagram commutes for all R ∈ SL(2,Z).
Z∆(S1 × S1) Z
∆(R)−−−−→ Z∆(S1 × S1)
ϕ¯
y yϕ¯
Z(TubeI∆) Q(R)∆−−−−→ Z(TubeI∆)
Here, Q : SL(2,Z) −→ SL(2,Z) is the group isomorphism satisfying Q(S) = S′ and
Q(T ) = T ′.
To prove the above theorem, we need the following theorem which was announced by
Ocneanu [12] and was proved in [10]. This is an important theorem about the tube algebra.
Theorem 4.2 ([12, 10]). Let ∆ be a finite system of End(M)0 obtained from a subfac-
tor N ⊂M of an infinite factor M with finite index and finite depth. Then,
Z∆(S1 × S1) ∼= Z(Tube∆)
as vector spaces.
Proof of Theorem 4.1. First, we show that ϕ is a homomorphism of algebras. For
X1 ⊗X2 ∈ Hpρa ⊗Hpaξ and Y1 ⊗ Y2 ∈ Hqηb ⊗Hqbζ , the product in Tube∆ is given by
(X1 ⊗X2) · (Y1 ⊗ Y2) =δξ,ηλ− 12
√
d(a)d(b)d(r)
d(c)d(p)d(q)d(ξ)
×
∑
Z1∈Brρc
Z2∈Brcζ
Z∗2 (
∑
A∈Bc
ab
A∗a(Y2Y ∗1 )X2X
∗
1 ξ(A))Z1 (Z1 ⊗ Z2).
Thus, we have
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d(ρ)1/4d(ζ)1/4ϕ((X1 ⊗X2) · (Y1 ⊗ Y2))
=δξ,η
λ−1√
d(ξ)
√
d(a)d(b)
d(p)d(q)
∑
Z1∈Brρc
Z2∈Brcζ
Z∗2 (
∑
A∈Bc
ab
A∗a(Y2Y ∗1 )X2X
∗
1 ξ(A))Z1 (ξc|Z2Z∗1 |cξ)
=δξ,η
λ−1√
d(ξ)
√
d(a)d(b)
d(p)d(q)
∑
c,r∈∆
c≺ab
r≺cξ
∑
Z1∈Brρc
Z2∈Brcζ
∑
A∈Bc
ab
(ξc|Z2Z∗2A∗a(Y2Y ∗1 )X2X∗1 ξ(A)Z1Z∗1 |cξ)
=δξ,η
λ−1√
d(ξ)
√
d(a)d(b)
d(p)d(q)
∑
c∈∆
c≺ab
∑
A∈Bc
ab
(ξc|A∗a(Y2Y ∗1 )X2X∗1 ξ(A)|cξ)
=d(ρ)1/4d(ζ)1/4ϕ(X1 ⊗X2)ϕ(Y1 ⊗ Y2).
Hence, ϕ preserves the products. It is clear that ϕ is bijective. Thus, ϕ is an algebra
isomorphism.
Let ϕ′ be the algebra isomorphism from the center of Tube∆ to the center of TubeI∆
induced fromϕ. We regardZ∆(S1×S1) as a subspace of the centerZ(Tube∆), and denote
by ϕ¯ the restriction of ϕ′ to Z∆(S1 × S1). We will show that ϕ¯ induces an SL(2,Z)-
equivariant map from Z∆(S1 × S1) to Z(TubeI∆) in the sense of the statement in the
theorem. By Lemma 3.4, for X1 ∈ Bpρa and X2 ∈ Bpaρ we have
S˜#(X1 ⊗X2) =
∑
r∈∆
Z1∈Bra¯ρ
Z2∈Brρa¯
√
d(p)d(r)
d(ρ)
Z∗2X˜
∗
2 a¯(Xˆ1)Z1 Z1 ⊗ Z2,
T˜−1# (X1 ⊗X2) =
∑
r∈∆
Z1∈Brρp
Z2∈Brpρ
√
d(a)d(r)
d(p)
Z∗2X
∗
1ρ(X2)Z1 Z1 ⊗ Z2.
It follows immediately from the second equation that ϕ′ ◦ T˜−1# = T ′∆−1 ◦ ϕ′. Since
1
d(ρ)
Z∗2 X˜
∗
2 a¯(Xˆ1)Z1 =
1
d(ρ)
d(ρ)d(a)
d(p)
Z∗2 (a¯(X
∗
2 )Ra)
∗a¯(X∗1ρ(Ra))Z1
=
d(a)
d(p)
Z∗2R
∗
aa¯(X2)a¯(X
∗
1ρ(Ra))Z1
=
d(a)
d(p)
Z∗2R
∗
aa¯(X2X
∗
1ρ(Ra))Z1
=
d(a)
d(p)d(ρ)
Z∗2S
′
∆(ρa|X2X∗1 |aρ)Z1,
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we see also that ϕ′ ◦ S˜# = S′∆ ◦ ϕ′. Thus, ϕ¯ is an SL(2,Z)-equivariant homomorphism.
Since dimZ∆(S1 × S1) = dimZ(TubeI∆) by Theorem 4.2 and ϕ¯ is injective, it
follows that ϕ¯ is an SL(2,Z)-equivariant isomorphism. This completes the proof.
By Theorem 4.1, Proposition 3.3 and Lemma 3.5, we have :
Corollary 4.3. Let ∆ be a finite system of End(M)0 obtained from a subfactorN ⊂M
of an infinite factor M with finite index and finite depth. Let ϕ : Tube∆ −→ TubeI∆ be
the algebra isomorphism defined as in the above theorem, and P : V ∆(S1 × S1) −→
V ∆(S1 × S1) the conjugate linear isomorphism defined as in Proposition 3.3. Then, the
composition ϕ ◦ P : V ∆(S1 × S1) −→ TubeI∆ induces a conjugate linear isomorphism
φ : Z∆(S1 × S1) −→ Z(TubeI∆), which preserves the products of these two algebras
and commutes with the actions of SL(2,Z).
Remark 4.4. Izumi has introduced an inner product 〈 , 〉Tube on TubeI∆ as follows
[8].
〈(ξζ|X |ζη), (ξ′ζ′|Y |ζ′η′)〉Tube = δξ,ξ′δζ,ζ′d(ξ)2R∗ζ ζ¯(XY ∗)Rζ .
Let {vi}mi=0 be a Verlinde basis of Z∆(S1×S1), and {wi}mi=1 the primitive idempotents in
the fusion algebra Z∆(S1 × S1) obtained from {vi}mi=0 by applying the transformation S
(see Remarks 3.2). Then, the basis {
√
λ
di
φ(wi)}mi=0 is orthonormal with respect to the inner
product 〈 , 〉Tube, where di = λS0i and Z∆(S)vi =
∑
j Sjivj [8].
On the other hand, since the Verlinde basis {vi}mi=0 is orthonormal with respect to the
inner product 〈 , 〉TQFT based on the TQFT defined as in Section 3, and Z∆(S) is unitary
with respect to the inner product 〈 , 〉TQFT, we have
〈
√
λ
di
wi,
√
λ
dj
wj〉TQFT =〈 1√
λS0i
wi,
1√
λS0j
wj〉TQFT
=
1
λ
〈Z∆(S)∗(vi), Z∆(S)∗(vj)〉TQFT
=
1
λ
〈vi, vj〉TQFT
=
1
λ
δij .
Therefore, φ does not preserve the inner products.
5. Calculations of Turaev-Viro-Ocneanu invariants of Basic 3-manifolds
Izumi explicitly gave an action of SL(2,Z) on the center of the tube algebra in the
language of sectors, and derived some formulas on Turaev-Viro-Ocneanu invariants of lens
spaces by applying formulas in [16] to subfactors constructed by his method [8, 9]. In the
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previous section, we established a rigorous correspondence between the S- and T -matrices
in Izumi’s sector theory and the ones in Turaev-Viro-Ocneanu (2 + 1)-dimensional TQFT.
Via this correspondence and the Dehn surgery formula of the Turaev-Viro-Ocneanu invari-
ant, we can compute the Turaev-Viro-Ocneanu invariants of 3-manifolds in the language
of sectors. In this section, using techniques on sectors due to Izumi [8, 9], we compute
the Turaev-Viro-Ocneanu invariants from several subfactors for basic 3-manifolds includ-
ing lens spaces and Brieskorn 3-manifolds. One of the most important result is that the
homology 3-sphere S3 and the Poincare´ homology 3-sphere Σ(2, 3, 5) are distinguished
by the Turaev-Viro-Ocneanu invariant from the exotic subfactor constructed by Haagerup
and Asaeda [4, 1], and L(p, 1) and L(p, 2) are distinguished by the Turaev-Viro-Ocneanu
invariant from a generalized E6-subfactor with Z/pZ for p = 3, 5.
Let ∆ be a finite system of End(M)0 obtained from a subfactor N ⊂ M of an infinite
factor M with finite index and finite depth. Since any finite dimensional C∗-algebra is
semisimple, we may assume that Tube∆ = ⊕ri=0Mni(C) as algebras, where Mni(C) is
the set of ni×ni-matrices over C. From each direct summand of Tube∆ = ⊕ri=0Mni(C),
we pick up a minimal projection pi. Then, we have proved that {pi}ri=0 is a Verlinde basis
of Z∆(S1 × S1) in the sense of Definition 3.1 [10]. Thus, we have :
Theorem 5.1 ([10]). Let ∆ be a finite system of End(M)0 obtained from a subfactor
N ⊂ M of an infinite factor M with finite index and finite depth. Then, there exists a
Verlinde basis of Z∆(S1 × S1) in the sense of Definition 3.1.
Let us recall the Dehn surgery formula of Z(M) [20, 10]. Let Z be a (2 + 1)-
dimensional TQFT, and {vi}mi=0 a basis of Z(S1 × S1).
We introduce a framed link invariant in the following way. Let L = L1 ∪ · · · ∪ Lr be
a framed link with r-components in the 3-sphere S3, and hi : D2 × S1 −→ N(Li) be
the framing of Li for each i ∈ {1, · · · , r}, where N(Li) denotes the tubular neighborhood
of Li. We fix an orientation for ∂N(Li) such that ji := hi|∂D2×S1 : S1 × S1 −→
∂N(Li) is orientation preserving. Since the orientation for N(Li) is not compatible with
the orientation for the link exterior X := S3 −N(L1) ∪ · · · ∪N(Lr), we can consider
the cobordism parametrized boundary WL := (X ;
r∐
i=1
ji, ∅) (See [10] for detail). This
cobordism induces a C-linear map ZWL :
r⊗
i=1
Z(S1 × S1) −→ C. It is easy to see that for
each i1, · · · , ir = 0, 1, · · · ,m the complex number J(L; i1, · · · , ir) := ZWL(vi1 ⊗ · · · ⊗
vir ) is a framed link invariant of L. In this setting, we proved the following proposition.
Proposition 5.2 (Dehn surgery formula [10]). Let Z be a (2+1)-dimensional TQFT
and {vi}mi=0 a basis of the fusion algebra Z(S1 × S1) such that v0 is the identity element
in the fusion algebra. Let M be a closed oriented 3-manifold obtained from S3 by Dehn
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surgery along a framed link L = L1 ∪ · · · ∪ Lr. Then, the 3-manifold invariant Z(M) is
given by the formula
Z(M) =
m∑
i1,··· ,ir=0
Si10 · · ·Sir0J(L; i1, · · · , ir),
where Sji ∈ C, i, j = 0, 1, · · · ,m are defined by Z(S)vi =
∑m
j=0 Sjivj , and S : S1 ×
S1 −→ S1×S1 is the orientation preserving diffeomorphism defined by S(z, w) = (w¯, z)
for all (z, w) ∈ S1 × S1.
This is a quite general formula which is a conclusion of the axioms of (2+1)-dimensional
TQFT. The right-hand side of this formula looks very similar to the formula of the Reshetikhin-
Turaev invariant of closed 3-manifolds, although many things are missing in the above
general formula, compared to the Reshetikhin-Turaev formula [13]. (See [10, 15] for more
details on the Dehn surgery formula and its applications.)
From Proposition 5.2, if we want to compute the Turaev-Viro-Ocneanu invariant of a
closed 3-manifold M , we need to compute the S-matrix and the framed link invariants
J(L; i1, · · · , ir). Since we know that the existence of the isomorphism Z∆(S1 × S1) ∼=
Z(Tube∆) by Theorem 5.1, we can compute the S-matrix with respect to a Verlinde basis
of Z∆(S1 × S1) in principle (see also Theorem 4.1 and Theorem 4.2). If a 3-manifold M
is obtained from S3 by Dehn surgery along an “easy” framed link L, then we can compute
the S-matrix, the framed link invariants J(L; i1, · · · , ir) and Z(M). In particular, for 3-
manifolds M such as lens spaces and Brieskorn 3-manifolds we have useful formulas for
Z(M) as follows.
Fig. 18: the Brieskorn 3-manifold Σ(p, q, r)
LetZ be a (2+1)-dimensional TQFT with Verlinde basis {vi}mi=0. For i = 0, 1, · · · ,m,
we write
Z(T )vi = tivi and Z(S)vi =
m∑
j=0
Sjivj .
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Let p and q be coprime positive integers. We present p/q in the continued fraction
p
q
= a1 −
1
a2 −
1
a3 −
1
.
.
. − 1
an
,
where a1, a2, · · · , an ≥ 2 are integers. Then, the lens space L(p, q) is obtained by identi-
fying two solid tori D2 × S1 gluing the diffeomorphism f = T a1ST a2S · · ·T an−1ST an :
S1 × S1 −→ S1 × S1 [14]. It follows from the Dehn surgery formula that
Z(L(p, q)) =
m∑
i1,i2,··· ,in=0
Si10t
a1
i1
Si1i2t
a2
i2
Si2i3 · · · tan−1in−1 Sin−1intanin Sin0.
In particular, we have
• Z(L(p, 1)) =
m∑
i=0
tpiS
2
i0 for any p.
• Z(L(p, 2)) =
m∑
i,j=0
t
p+1
2
i t
2
jSi0Sj0Sij for any odd integer p,
• Z(L(p, 3)) =

m∑
i,j,k=0
t
p+2
3
i t
2
j t
2
kSi0Sj0Sk0SijSkj if p ≡ 1 (mod3),
m∑
i,j=0
t
p+1
3
i t
3
jSi0Sj0Sij if p ≡ 2 (mod3).
The Brieskorn 3-manifold Σ(p, q, r) = {(u, v, w) ∈ C3 | up + vq + wr = 0, |u|2 +
|v|2+ |w|2 = 1}, where p, q, r ≥ 2, is obtained from S3 by Dehn surgery along the framed
link presented by the diagram depicted in Figure 18 [14]. Then, it follows from the Dehn
surgery formula that
• Z(Σ(p, q, r)) =
m∑
i,j,k,l=0
tpi t
q
jt
r
ktl
Si0Sj0Sk0SilSjlSkl
Sl0
.
This is obtained as a special case of the following lemma.
Lemma 5.3. Let L(q, p1, · · · , pr) be the framed link presented by the diagram as in
Figure 19, andM the 3-manifold obtained from S3 by Dehn surgery alongL(q, p1, · · · , pr),
where q, p1, · · · , pr stand for those integral framings. Then, Z(M) is given by
Z(M) =
m∑
i1,··· ,ir ,j=0
tp1i1 · · · t
pr
ir
tqj
Si10 · · ·Sir0Si1j · · ·Sirj
Sr−2j0
.
Proof. Let L be the framed link L(0, 0, · · · , 0). The framed link L is isomorphic to the
framed link presented by the diagram as in Figure 20.
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Fig. 19: the framed link L(q, p1, ..., pr)
Fig. 20: the framed link L(0, 0, ...,0)
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By fusing the (r − 1)-th component and r-th component, we obtain
J(L; j, i1, · · · , ir−2, ir−1, ir)
=
m∑
k=0
Nkir−1,irJ(L
′; j, i1, · · · , ir−2, k)
=
m∑
k,l=0
Slir−1SlirSlk
Sl0
J(L′; j, i1, · · · , ir−2, k)
=
m∑
k,l=0
Slir−1SlirSlk
Sl0
Si1j · · ·Sir−2jSkj
Sr−2j0
=
m∑
l=0
Slir−1Slir
Sl0
Si1j · · ·Sir−2j
Sr−2j0
d∑
k=0
SlkSkj
=
Si1j · · ·Sir−2jSir−1jSirj
Sr−1j0
,
where L′ is the framed link from L removing the r-th component Lr. Hence, by in-
duction on r it can be proved that the framed link invariant J(L; j, i1, · · · , ir) of L =
L(0, 0, · · · , 0) is given by
J(L; j, i1, · · · , ir) = Si1j · · ·Sirj
Sr−1j0
. (5.4)
By substituting the equation (5.4) into the formula
Z(M) =
m∑
i1,··· ,ir=0
Si1,0 · · ·Sir ,0J(L(q, p1, · · · , pr); i1, · · · , ir)
=
m∑
i1,··· ,ir=0
Si1,0 · · ·Sir ,0tqj tp1i1 · · · tprir J(L; i1, · · · , ir),
we obtain
Z(M) =
m∑
i1,··· ,ir ,j=0
tp1i1 · · · tprir tqj
Si10 · · ·Sir0Si1j · · ·Sirj
Sr−2j0
.
This completes the proof.
We can compute a plenty of Turaev-Viro-Ocneanu invariants of some basic manifolds
based on Izumi’s data [9] of the S- and T -matrices. For example, we have the following list
of values for Turaev-Viro-Ocneanu invariants from subfactors by partially using the Maple
software Release 5 for computations.
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the D(1)5 -subfactors [6, Example 3.2]
ZD
(1)
5 (L(3, 1)) = ZD
(1)
5 (L(3, 2)) =
1 + 2w2
6
, where w3 = 1
ZD
(1)
5 (L(5, 1)) = ZD
(1)
5 (L(5, 2)) = ZD
(1)
5 (L(7, 1)) = ZD
(1)
5 (L(7, 2)) =
1
6
the E6-subfactor that c2 = e
7π
√−1
12 [6, Example 3.4]
ZE6(L(p, 1)) =
1
12
{((−1)p + 1)e− pπi3 + 2e− 5pπi6 + ip + 2(−1)p + 5}
ZE6(L(p, 2)) =
1
4
+
(−1) p+12 i
12
−
√
3 + i
12
e−
(p+1)πi
6
ZE6(L(p, 3))
=
{
1
24 (9− 3(−1)
p−1
3 −√3i(1− (−1) p−13 )− 2√3i p−13 ) if p ≡ 1 (mod3)
1
24 (9− 3(−1)
p+1
3 +
√
3i(1− (−1) p+13 )− 2√3i p+13 ) if p ≡ 2 (mod3)
(p, q, r) (2, 3, 5) (2, 3, 7) (2, 5, 7) (3, 5, 7)
ZE6(Σ(p, q, r)) 2(3+
√
3)+3(1−√3)i
12
2(3+
√
3)+3(1−√3)i
12
−√3+9+6i
12
2−√3i
2
(p, q, r) (2, 3, 8) (2, 3, 9) (2, 4, 5) (2, 4, 6) (2, 4, 7)
ZE6(Σ(p, q, r)) (3−
√
3)−(1+√3)i
4
3+i
4
2+i
2
3+i
2
2+i
2
(p, q, r) (2, 5, 5) (2, 5, 6) (3, 3, 4) (3, 3, 5) (3, 3, 6)
ZE6(Σ(p, q, r)) 3+i4
3−√3i
3
√
3(1−i)
4
−√3i
2
3−√3
4 i
(p, q, r) (3, 4, 5) (4, 4, 4) (3, 4, 4)
ZE6(Σ(p, q, r)) 2(
√
3+3)+3(1−√3)i
12
3i−√3
3
3(1+
√
3)+(3−√3)i
6
a generalized E6-subfactor with G = Z/3Z [9, Example A-1]
ZE6,Z/3Z(L(3, 1)) = ZE6,Z/3Z(L(3, 2)) = (7−
√
7i)(
√
21−1)
70
ZE6,Z/3Z(L(5, 1)) = ZE6,Z/3Z(L(5, 2)) = − 215 + 4
√
21
105
ZE6,Z/3Z(L(7, 1)) = ZE6,Z/3Z(L(7, 2)) = (1+
√
3i)(
√
21−1)
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a generalized E6-subfactor with G = Z/4Z [9, Example A-2]
ZE6,Z/4Z(L(3, 1)) = ZE6,Z/4Z(L(3, 2)) = 2+
√
2
16
ZE6,Z/4Z(L(5, 1)) = ZE6,Z/4Z(L(5, 2)) = 2+
√
2
16
31
ZE6,Z/4Z(L(7, 1)) = ZE6,Z/4Z(L(7, 2)) = 2−
√
2
16
a generalized E6-subfactor with G = Z/2Z× Z/2Z [9, Example A-3]
ZE6,Z/2Z× Z/2Z(L(3, 1)) = ZE6,Z/2Z× Z/2Z(L(3, 2)) = 2+
√
2
16
ZE6,Z/2Z× Z/2Z(L(5, 1)) = ZE6,Z/2Z× Z/2Z(L(5, 2)) = 2+
√
2
16
ZE6,Z/2Z× Z/2Z(L(7, 1)) = ZE6,Z/2Z× Z/2Z(L(7, 2)) = 2−
√
2
16
a generalized E6-subfactor with G = Z/5Z [9, Example A-4]
ZE6,Z/5Z(L(3, 1)) = ZE6,Z/5Z(L(3, 2)) =
√
5−7
55
ZE6,Z/5Z(L(5, 1)) =
1
2
ZE6,Z/5Z(L(5, 2)) = 1+3
√
5
33
ZE6,Z/5Z(L(7, 1)) = ZE6,Z/5Z(L(7, 2)) = 355 +
√
5
33
the Haagerup subfactor of Jones index 5+
√
13
2 [9, Appendix C]
ZHaagerup(L(3, 1)) = ZHaagerup(L(3, 2)) = 13−
√
13
26
ZHaagerup(L(5, 1)) = ZHaagerup(L(5, 2)) = 13+3
√
13
78
ZHaagerup(L(7, 1)) = ZHaagerup(L(7, 2)) = 13+3
√
13
78
ZHaagerup(Σ(2, 3, 5)) = −
√
13
26 +
7
6 = Z
Haagerup(S3) + 1
From the above results of computations, we expect that the following conjecture will
hold true.
Conjecture 5.4. If there exists a generalized E6-subfactor with group symmetry G =
Z/7Z, then the lens spaces L(7, 1) and L(7, 2) will be distinguished by the Turaev-Viro-
Ocneanu invariant from the subfactor.
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